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1. Introduction
This paper is concerned with Ricci flow on complete Ka¨hler manifolds.
Let M be a complete complex manifolds with Ka¨hler metric gαβ . The Ricci
flow is the following evolution equation on the metric

∂gαβ(x, t)
∂t
= −Rαβ(x, t) x ∈M t > 0 ,
gαβ(x, 0) = gαβ(x) x ∈M ,
(1.1)
where Rαβ(x, t) denotes the Ricci curvature tensor of the metric gαβ(x, t).
One of the main problems in differential geometry is to find canonical
structure on manifolds. The Ricci flow introduced by Hamilton [8] is an useful
tool to approach such problems. For examples, Hamilton [10] and Chow [7]
used the convergence of the Ricci flow to characterize the complex structures on
compact Riemann surfaces, Hamilton [8] used the Ricci flow to classify compact
three-manifolds with positive Ricci curvature, and the authors [4] recently
used the Ricci flow to get steinness for a class of complete noncompact Ka¨hler
manifolds. By a direct computation one can see that the scalar curvature
R(x, t) of gαβ(x, t) satisfies the equation
∂
∂t
R = △R + 2 ∣∣Rαβ∣∣2 .
This is a nonlinear heat equation with superlinear growth. It is clear that the
scalar curvature must generally blow up in finite time. In the other words
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the Ricci flow will develop singularities in finite time. Thus it is important to
consider what kind of singularities might form.
In [12], Hamilton divided the solutions of the Ricci flow into three types
and showed that one can dilate the solutions around the singularities to get
in limit the models of the corresponding type. Then Cao [2] showed that if
in addition the limits of Type II or Type III have nonnegative holomorphic
bisectional curvature, the singularity models are the solutions to (1.1) which
move by one-parameter group of biholomorphisms or also expand by a factor
at the same time.
A solution to the Ricci flow (1.1) which moves by a one-parameter group
of biholomorphisms is called a Ka¨hler-Ricci soliton. The equation for a Ka¨hler
metric to move by a biholomorphism in the direction of a holomorphic vector
field V is that the Ricci term Rαβ is the Lie deivative of the metric gαβ in the
direction of the vector field V ; thus

Rαβ = gαγ ▽β V γ + gγβ ▽α V γ ,
▽αV β = ▽βV α = 0.
(1.2)
From [12], any Ka¨hler-Ricci soliton must be noncompact. Recall that a com-
plete noncompact complex n-dimensional Ka¨hler manifold (M, gαβ) is of max-
imal volume growth if there exist some fixed point x0 ∈ M and some positive
constant C0 such that
Vol (B(x0, r)) ≥ C0r2n for all 0 ≤ r < +∞.
where Vol (B(x0, r)) denotes the volume of the geodesic ball B(x0, r) centered
at x0 with radius r. The main result of this paper is the following property for
Ka¨hler-Ricci solitons.
Theorem Let (M, gαβ) be a nonflat Ka¨hler-Ricci soliton on a complex
two-dimensional Ka¨hler manifold with bounded and nonnegative holomorphic
bisectional curvature. Then (M, gαβ) can not be of maximal volume growth.
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We conjecture this theorem holds for all dimensions. In the forthcoming pa-
per [5], we will use this result to obtain a uniformization theorem for complete
noncompact Ka¨hler surfaces with positive holomorphic bisectinal curvature.
This paper contains three sections. In the next section we will show that
the curvature operator of the Ka¨hler-Ricci soliton is nonnegative definite ev-
erywhere. In the last section we will use a blow down argument to prove the
theorem.
We are grateful to H.D. Cao for many helpful discusions. This work was
partially supported by the Foundation for Outerstanding Young Scholars of
China.
2. Nonnegativity of Curvature Operator
The solution to the Ricci flow (1.1) corresponding to the Ka¨hler-Ricci soli-
ton exists for −∞ < t < +∞ and is obtained by flowing along the holomorphic
vector field V in (1.2). The following lemma shows that the nonnegativity of
holomorphic bisectional curvature of the Ka¨hler-Ricci soliton on a complex
surface implies the nonnegativity of its curvature operator.
Lemma Let gαβ(x, t) be a complete solution to the Ricci flow (1.1) on a
complex two-dimensional Ka¨hler manifold M for all t ∈ (−∞,+∞). Suppose
its holomorphic bisectional curvature is bounded and nonnegative everywhere.
Then the curvature operator of the metric gαβ(x, t) is nonnegative definite
everywhere on M × (−∞,+∞).
Proof. Choose a local orthonormal coframe {ω1, ω2, ω3, ω4} on an open
set U ⊂ M so that ω1+
√−1ω2 and ω3+
√−1ω4 are (1, 0)-forms over U . Then
the self–dual forms
ϕ1 = ω1 ∧ ω2 + ω3 ∧ ω4, ϕ2 = ω2 ∧ ω3 + ω1 ∧ ω4, ϕ3 = ω3 ∧ ω1 + ω2 ∧ ω4
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and the anti–self–dual forms
ψ1 = ω1 ∧ ω2 − ω3 ∧ ω4, ψ2 = ω2 ∧ ω3 − ω1 ∧ ω4, ψ3 = ω3 ∧ ω1 − ω2 ∧ ω4
form a basis of the space of 2-forms over U . In particular, ϕ1, ψ1, ψ2 and ψ3
give a basis for the space of (1, 1)-forms over U .
On a complex two-dimensional Ka¨hler manifold, it is well known that its
curvature operator has image in the holonomy algebra u(2) (⊂ so(4)) spanned
by (1, 1)-forms. Thus, the curvature operatorRm in the basis {ϕ1, ϕ2, ϕ3, ψ1, ψ2, ψ3}
has the following form,
Rm =


a 0 0
0 0 0
0 0 0
b1 b2 b3
0 0 0
0 0 0
b1 0 0
b2 0 0
b3 0 0
A


where A is a 3× 3 symmetric matrix.
Let V be a real tangent vector of the complex surface M . Denote by J
the complex structure. It is clear that the complex 2–plane V ∧ JV is dual to
(1, 1)-form uϕ1 + v1ψ1 + v2ψ2 + v3ψ3 satisfying the decomposability condition
u2 = v21 + v
2
2 + v
2
3. Then after normalizing u to 1 by scaling, we see that the
holomorphic bisectional curvature is nonnegative if and only if
a + b · v + b · w + tvAw ≥ 0 , (2.1)
for any unit vectors v = (v1, v2, v3) and w = (w1, w2, w3) in R
3, where b is the
vector (b1, b2, b3) in Rm.
Denote by a1 ≤ a2 ≤ a3 the eigenvalues of A. Recall that trA = a by the
Bianchi identity, so if we choose v to be the eigenvector of A with eigenvalue
a3 and choose w = −v, (2.1) gives
a1 + a2 ≥ 0 . (2.2)
4
In particular, we have a2 ≥ 0.
To proceed further, we need to adapt the Hamilton’s maximum principle
for tensors. Let
(ai)min (t) = infx∈M
ai(x, t) , i = 1, 2, 3
and
K = sup
(x,t)∈M×(−∞,+∞)
|Rm(x, t)| .
By assumption, the solution gαβ(x, t), (−∞ < t < +∞), has bounded holomor-
phic bisectional curvature, hence K is finite. Thus, by the derivative estimate
of Shi [13] (see also Theorem 7.1 in [12]), the all derivatives of the curvature
are also uniformly bounded. In particular, we can use the maximum principle
of Cheng–Yau (see Proposition 1.6 in [6]) and then, as observed in [12], this
implies that the maximum principle of Hamilton in [9] actually works for the
evolution equations of the curvature of g˜αβ(x, t) on the complete noncompact
manifold M. Thus, from [9], we obtain
d (a1)min
dt
≥ ((a1)min)2 + 2 (a2)min · (a3)min
≥ 3 ((a1)min)2
by (2.2). Then, for fixed t0 ∈ (−∞, 0) and t > t0,
(a1)min (t) ≥
1
(a1)
−1
min (t0)− 3 (t− t0)
≥ 1−K−1 − 3 (t− t0) .
Letting t0 → −∞, we get
a1 ≥ 0 , for all (x, t) ∈M × (−∞, 0] (2.3)
i.e. A is nonnegative definity.
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Finally, to prove the nonnegativity of the curvature operator Rm, we recall
its corresponding ODE from [9],
dRm
dt
= Rm
2 +
(
0 0
0 A#
)
,
where A# is the adjoint matrix of A.
Let m1 be the smallest eigenvalue of the curvature operator Rm. Exactly
as above, by using the maximum principle of Hamilton, we have
d (m1)min
dt
≥ (m1)2min
where (m1)min (t) = infx∈M
m1(x, t). Therefore, by the same reasoning in the
derivation of (2.3), we have
m1 ≥ 0 , for all (x, t) ∈M × (−∞,+∞). (2.4)
So Rm is nonnegative definite everywhere and the proof of the lemma is com-
pleted. Q.E.C.
3. Blow Down Argument
This section is devoted to the proof of the main result.
The proof of the theorem.
Let (M, gαβ(x)) be a nonflat Ka¨hler-Ricci soliton on a complex two-dimensional
Ka¨hler manifold with bounded and nonnegative holomorphic bisectional cur-
vature. Denote gαβ(x, t), t ∈ (−∞,+∞), to be the solution to the Ricci flow
(1.1) corresponding to the Ka¨hler-Ricci soliton gαβ(x). The metric gαβ(x, t)
is obtained from the pullback of gαβ(x) by a one-parameter group of biholo-
morphism. Of course, for each t ∈ (−∞,+∞), gαβ(x, t) also has bounded and
nonnegative holomorphic bisectional curvature.
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We prove by contradiction. Thus, suppose gαβ(x) is of maximal volume
growth. This is, there exist some point x0 ∈M and some positive constant C0
such that
Vol (B(x0, r)) ≥ C0r4 for all 0 ≤ r < +∞. (3.1)
Note that gαβ(x) has nonnegative Ricci curvature. Then it follows from the
standard volume comparison that the above inequality actually holds for all
x0 ∈M . Hence
Volt (Bt(x, r)) ≥ C0r4 for all 0 ≤ r < +∞ and x ∈M , (3.2)
where Volt (Bt(x, r)) denotes the volume of the geodesic ball Bt(x, r) of radius
r with center at x with respect to the metric gαβ(x, t).
We first observe that
lim sup
d(x,x0)→+∞
R(x)d2(x, x0) = +∞ (3.3)
where d(x, x0) the geodesic distance between two points x, x0 ∈M with respect
to the metric gαβ(x).
In fact, suppose not, thus the curvature of the initial metric gαβ(x, 0) =
gαβ(x) in (1.1) has quadratic decay. By applying a result of Shi (see Theorem
8.2 in [14]), we see that
lim
t→+∞
sup {R(x, t)| x ∈M} = 0 . (3.4)
where R(x, t) is the scalar curvature of the solution gαβ(x, t). But gαβ(x, t) is
a nonflat Ka¨hler-Ricci soliton. This is impossible.
With the estimate (3.3), we can then apply a lemma of Hamilton (Lemma
22.2 in [12]) to find a sequence of points xj, a sequence of radii rj and a
sequence of positive numbers δj, j = 1, 2, · · · , with δj → 0 such that
(a) R(x, 0) ≤ (1 + δj)R(xj , 0) for all x in the ball B(xj , rj) of radius rj
centered at xj with respect to the metric gαβ;
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(b) r2jR(xj , 0)→ +∞;
(c) if sj = d(xj , x0), then λj = sj/rj → +∞;
(d) the balls B(xj , rj) are disjoint.
We have shown in the previous section that the metric gαβ has nonnegative
definite curvature operator. In particular, the sectional curvature is nonnega-
tive. Denote the minimum of the sectional curvature of the metric gαβ at xj
by νj . We claim that the following holds
εj =
νj
R(xj , 0)
→ 0 as j → +∞ . (3.5)
Suppose not, there exists a subsequence jk → +∞ and some positive num-
ber ε > 0 such that
εjk =
νjk
R(xjk , 0)
≥ ε for all k = 1, 2, · · · . (3.6)
Since the solution gαβ(x, t) exits for −∞ < t < +∞, it follows from the Li-
Yau type differential inequality of Cao [1] that the scalar curvature R(x, t) is
pointwisely nondecreasing in time. Then, by using the local derivative estimate
of Shi [13] (or see Theorem 13.1 in [12]) and (a), (b), we have
sup
x∈B(xjk ,rjk )
|∇Rm(x, 0)|2 ≤ C1R2(xj , 0)
(
1
r2jk
+R(xj , 0)
)
≤ 2C1R3(xj , 0) , (3.7)
where C1 is a positive constant depending only on the dimension.
For any x ∈ B(xjk , rjk), we obtain from (3.6) and (3.7) that the minimum
of the sectional curvature ν(x) of gαβ at x, satisfies
ν(x) ≥ νjk −
√
2C1R
3/2(xjk , 0)d(x, xjk)
≥ R(xjk , 0)
(
ε−
√
2C1 ·
√
R(xjk , 0) · d(x, xjk)
)
≥ ε
2
R(xjk , 0) (3.8)
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if
d(x, xjk) ≤
ε
2
√
2C1 ·
√
R(xjk , 0)
.
Thus, from (a) and (3.8), there exists k0 > 0 such that for any k ≥ k0 and
x ∈ B(xjk ,
ε
2
√
2C1 ·
√
R(xjk , 0)
),
we have
ε
2
R(xjk , 0) ≤ the sectional curvature at x ≤ 2R(xjk , 0). (3.9)
Therefore the balls B(xjk ,
ε
2
√
2C1·
√
R(xjk ,0)
), k0 ≤ k < +∞, are a family of
disjont remote curvature β-bumps for some β > 0 in the sense of Hamilton
[12]. But this contradicts with the finite bumps theorem of Hamilton [12]. So
we have proven the claim (3.5).
Next we blow down the Ka¨hler-Ricci soliton gαβ(x, t)) along the points xj .
For the above chosen xj , rj and δj , let xj be the new origin, dilate the space
by a factor λj so that R(xj , 0) become 1 at the origin at t = 0, and dilate in
time by λ2j so that it is still a solution to the Ricci flow. The balls B(xj , rj)
are dilated to the balls centered at the origin of radii r˜j = r
2
jR(xj , 0)→ +∞ (
by (b) ). Since the scalar curvature of gαβ(x, t) is pointwise nondecreasing in
time by the Cao’s inequality [1], the curvature bounds on B(xj , rj) also give
bounds for previous times in these balls.
On the other hand, as shown in [4], the combination of the maximal volume
growth estimate (3.1) and the local injectivity radius estimate of Cheeger,
Gromov and Taylor [3] implies that
injM
(
xj , gαβ
) ≥ α√
R(xj , 0)
,
for some positive constant α independent of j.
So we have everything to take a limit for the dilated solutions. By applying
the compactness theorem in [11] and combining (3.2), (3.5), (a) and (b), we
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obtain a complete noncompact solution (M˜, g˜αβ(x, t)) of the Ricci flow for
t ∈ (−∞, 0] such that
(e) the curvature operator is still nonnegative;
(f) the scalar curvature R˜(x, t) ≤ 1, for all x ∈ M˜ , t ∈ (−∞, 0], and
R˜(0, 0) = 1;
(g) the volume of the geodesic ball to metric g˜αβ(x, t) still satisfies
Volt
(
B˜t(x, r)
)
≥ C0r4
for all x ∈ M˜ , 0 ≤ r < +∞;
(h) there exists a complex 2–plane at the origin so that at t = 0, the corre-
sponding sectional curvature vanishes.
If we consider the universal covering of M˜ , the induced metric of g˜αβ(x, t)
on the universal covering is clearly still a solution to the Ricci flow and satisfies
all of above (e), (f), (g), (h). Thus, without loss of generality, we may assume
that M˜ is simply connected.
By using the strong maximum principle on the evolution equation of the
curvature operator of g˜αβ(x, t) as in [9] (see Theorem 8.3 of [9]), we know that
there exists a constant K > 0 such that on the time interval −∞ < t < −K,
the image of the curvature operator of (M˜, g˜αβ(x, t)) is a fixed Lie subalgebra
of so(4) of constant rank on M˜ . Because M˜ is Ka¨hler, the possibilities are
limited to u(2), so(2)× so(2) or so(2).
In the case u(2), the sectional curvature is strictly positive. Thus, this case
is ruled out by (h). In the cases so(2) × so(2) or so(2), according to [9], the
simply connected manifold M˜ splits as a product M˜ = Σ1×Σ2, where Σ1 and
Σ2 are two Riemann surfaces with nonnegative curvature (by (e)), and at least
one of them, say Σ1, has positive curvature (by (f)).
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Denote by g˜
(1)
αβ
(x, t) the corresponding metric on Σ1. Clearly, it follows from
(g) and standard volume comparison that for any x ∈ Σ1, t ∈ (−∞,−K), we
have
VolBΣ1(x, r) ≥ C2r2 for 0 ≤ r < +∞ (3.10)
where both the geodesic ball BΣ1(x, r) and the volume are taken with respect
to the metric g˜
(1)
αβ
(x, t) on Σ1, C2 is a positive constant depending only on
C0. Also as the curvature of g˜
(1)
αβ
(x, t) is positive, it follows from Cohn–Vossen
inequality that ∫
Σ1
R˜(1)(x, t)dσt ≤ 8pi , (3.11)
where R˜(1)(x, t) is the scalar curvature of (Σ1, g˜
(1)
αβ
(x, t)) and dσt is the volume
element of the metric g˜
(1)
αβ
(x, t).
Now, the metric g˜
(1)
αβ
(x, t) is a solution to the Ricci flow on the Riemann
surface Σ1 over the time interval (−∞,−K). The estimates (3.10) and (3.11)
imply that for each t ∈ (−∞,−K), the curvature of g˜(1)
αβ
(x, t) has quadratic
decay in the average sense of Shi [14] and then the a priori estimate of Shi
(see Theorem 8.2 in [14]) implies that the solution g˜
(1)
αβ
(x, t) exists for all t ∈
(−∞,+∞) and satisfies
lim
t→+∞
sup
{
R˜(1)(x, t)
∣∣∣ x ∈ Σ1} = 0. (3.12)
Again, by the inequality of Cao [1], we conclude that
R˜(1)(x, t) ≡ 0 on Σ1 × (−∞,+∞) .
This contradicts with the fact that (Σ1, g˜αβ(x, t)) has positive curvature for
t < −K. Hence we have completed the proof of the theorem. Q.E.C.
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